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ABSTRACT 

The binary quadratic equation represented by the negative pellian 506 22  yx   is analyzed for its distinct 

integer solutions. A few interesting relations among the solutions are also given. Further, employing the 

solutions of the above hyperbola, we have obtained solutions of other choices of hyperbolas, parabolas and 

special Pythagorean triangle. 
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1. INTRODUCTION 

Diophantine equation of the form 122  Dxy , where 0D and square free, is known as negative pell 

equation. In general, the general form of negative pell equation is represented by 

0,0,22  DNNDxy and square free. It is known that negative pell equations 

47,13 2222  xyxy have no integer solutions whereas 165 22  xy , 1202 22  xy have integer 

solutions. It is observed that the negative pell equation do not always have integer solutions. For negative pell 

equations with integer solutions, one may refer [1-11].  

 

In this communication, yet another negative pell equation given by 147 22  xy is considered for its non-zero 

distinct integer solutions. A few interesting relations among the solutions are also given. Further, employing the 

solutions of the above hyperbola, we have obtained solutions of other choices of hyperbolas, parabolas and 

special Pythagorean triangle. 

 

2. METHOD OF ANALYSIS 
The negative pell equation representing hyperbola under consideration is 

   506 22  yx                                                                              (1) 

whose smallest positive integer solution is 3,2 00  yx  

 

To obtain the other solutions of (1), consider the pell equation  

16 22  yx   

whose solution is given by 
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Appling Brahmagupta lemma between  00 , yx  and  nn yx ~,~ , the other solutions of (1) are given by 

nnn gfx 6966 1   

....2,1,0,1,696 1  ngfy nnn   

 

The recurrence relations satisfied by the solutions x and y are given by 

010 123   nnn xxx
 

 

010 123   nnn yyy  

Some numerical examples of x and y satisfying (1) are given in the Table: 1 below 

 
Table: 1 Examples 

n  
1nx  1ny  

-1 2 3 

0 46 19 

1 458 187 

2 4534 1851 

3 44882 18323 

4 444286 181379 

 

From the above table, we observe some interesting relations among the solutions which are presented below:  

1. 1nx values are even and 1ny  values are odd 

2. Each of the following expressions is a nasty number: 

  300579
25

1
2232   nn xx  

  30005619
250

1
2242   nn xx  

  30012108
25

1
2222   nn xy  

  1500276108
125

1
2232   nn xy  

  147002748108
1225

1
2242   nn xy  

  30056157
25

1
3242   nn xx  

  150012684
125

1
3222   nn xy  

  300276684
25

1
3232   nn xy  

  15002748684
125

1
3242   nn xy  

  14700126732
125

1
4222   nn xy  

  15002766732
125

1
4232   nn xy  

  30027486732
25

1
4242   nn xy  

  3006138
25

1
3222   nn yy  
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  15003687
125

1
4222   nn yy  

  3001381374
25

1
4232   nn yy  

 

3. Each of the following expressions is a cubical integer: 

  123343 579193
50

1
  nnnn xxxx  

  133353 56191873
500

1
  nnnn xxxx  

  113333 654218
25

1
  nnnn xyxy  

  123343 138544618
125

1
  nnnn xyxy  

  133353 13745445818
1225

1
  nnnn xyxy  

  234353 5615718719
50

1
  nnnn xxxx  

  214333 63422114
125

1
  nnnn xyxy  

  224343 13834246114
25

1
  nnnn xyxy  

  234353 1374342458114
125

1
  nnnn xyxy  

  315333 6336621122
1225

1
  nnnn xyxy  

  325343 1383366461122
125

1
  nnnn xyxy  

  335353 137433664581122
25

1
  nnnn xyxy  

  214333 36923
25

1
  nnnn yyyy  

  315333 3687229
250

1
  nnnn yyyy  

  325343 138137446458
50

1
  nnnn yyyy  

 

4. Each of the following expressions is a biquadratic integer: 

  3007612193
50

1
22324454   nnnn xxxx  

  3000748121873
500

1
22424464   nnnn xxxx  

  150872218
25

1
22224444   nnnn xyxy  

  750184724618
125

1
22324454   nnnn xyxy  

  735018327245818
1225

1
22424464   nnnn xyxy  
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  3007487618719
50

1
32425464   nnnn xxxx  

  75084562114
125

1
32225444   nnnn xyxy  

 

  15018445646114
25

1
32325454   nnnn xyxy  

  7501832456458114
125

1
32425464   nnnn xyxy  

  73508448821122
1225

1
42226444   nnnn xyxy  

  7501844488461122
125

1
42326454   nnnn xyxy  

  150183244884581122
25

1
42426464   nnnn xyxy  

  15049223
25

1
32225444   nnnn yyyy  

  15004916229
250

1
42226444   nnnn yyyy  

  300184183246458
50

1
42326454   nnnn yyyy  

5. Each of the following expressions is a quintic integer: 

  1233435565 3869515193
50

1
  nnnnnn xxxxxx  

  1333535575 187030935151873
500

1
  nnnnnn xxxxxx  

  1133335555 201801090218
25

1
  nnnnnn xyxyxy  

  1233435565 460180230904618
125

1
  nnnnnn xyxyxy  

  1333535575 458018022909045818
1225

1
  nnnnnn xyxyxy  

  2343536575 18701909359518719
50

1
  nnnnnn xxxxxx  

  2143336555 201140105702114
125

1
  nnnnnn xyxyxy  

  2243436565 460114023057046114
25

1
  nnnnnn xyxyxy  

  2343536575 458011402290570458114
125

1
  nnnnnn xyxyxy  

  3153337555 201122010561021122
1225

1
  nnnnnn xyxyxy  

  3253437565 460112202305610461122
125

1
  nnnnnn xyxyxy  

  3353537575 458011220229056104581122
25

1
  nnnnnn xyxyxy  

  2143336555 10230511523
25

1
  nnnnnn yyyyyy  
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  3153337555 10229051145229
250

1
  nnnnnn yyyyyy  

  3253437565 4604580230229046458
50

1
  nnnnnn yyyyyy  

 
 

6. Relations among the solutions: 

 13210   nnn xxx  

 112 512   nnn xyx  

 113 49120   nnn xyx  

 112 25   nnn xyy  

 113 2049   nnn xyy  

 122 125   nnn xyx  

 123 24   nnn xyx  

 123 2495   nnn xyy  

 132 51249   nnn xyx  

 133 12049   nnn xyx  

 213 49125   nnn xyx  

 212 25   nnn xyy  

 213 4   nnn xyy  

 223 512   nnn xyx  

 223 25   nnn xyy  

 233 125   nnn xyx  

 312 2549   nnn xyy  

 313 2049   nnn xyy  

 323 25   nnn xyy  

 31210   nnn yyy  

 

Remarkable observations 

i. Employing linear combinations among the solutions of (1), one may generate integer solutions for  

other choices of hyperbolas which are presented in the Table: 2 below 
Table: 2 Hyperbolas 

 S.NO           Hyperbola                                XY ,  

1 3000023 22  XY   2112 23,193   nnnn xxxx  

2 300000023 22  XY   3113 229,1873   nnnn xxxx  

3 4500032 22  XY   1111 1218,654   nnnn yxxy  

4 3750006 22  XY   2112 12114,4618   nnnn yxxy  

5 360150006 22  XY   3113 121122,45818   nnnn yxxy  

6 6000046 22  XY   3223 23229,18719   nnnn xxxx  

7 3750006 22  XY   1221 27618,2114   nnnn yxxy  

8 150006 22  XY   2222 276114,46114   nnnn yxxy  

9 3750006 22  XY   3223 2761122,458114   nnnn yxxy  

10 360150006 22  XY  1331 274818,21122   nnnn yxxy  

11 3750006 22  XY  2332 2748114,461122   nnnn yxxy  
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12 150006 22  XY   3333 27481122,4581122   nnnn yxxy  

13 150006 22  XY  1221 579,23   nnnn yyyy  

14 15000006 22  XY   1331 5619,229   nnnn yyyy  

15 600006 22  XY   1332 1122114,46458   nnnn yyyy  

 

ii. Employing linear combinations among the solutions of (1), one may generate integer solutions for 

other choices of parabolas which are presented in the Table: 3 below 

 
Table: 3 Parabolas 

S.NO      Parabola                                XY ,  

1 1500075 2  XY   212232 23,100193   nnnn xxxx  

2 1500000750 2  XY   312242 229,10001873   nnnn xxxx  

3 15000150 2  XY   112222 1218,50218   nnnn yxxy  

4 375000750 2  XY   212232 12114,2504618   nnnn yxxy  

5 360150007350 2  XY   312242 121122,245045818   nnnn yxxy  

6 1500075 2  XY   323242 23229,10018719   nnnn xxxx  

7 375000750 2  XY   123222 27618,2502114   nnnn yxxy  

8 15000150 2  XY   223232 276114,5046114   nnnn yxxy  

9 375000750 2  XY   323242 2761122,250458114   nnnn yxxy  

10 360150007350 2  XY  134222 274818,245021122   nnnn yxxy  

11 375000750 2  XY  234232 2748114,250461122   nnnn yxxy  

12 15000150 2  XY   334242 27481122,504581122   nnnn yxxy  

13 15000150 2  XY  123222 579,5023   nnnn yyyy  

14 15000001500 2  XY   134222 5619,500229   nnnn yyyy  

15 60000300 2  XY   134232 1122114,10046458   nnnn yyyy  

 

(i) Consider 111 ,   nnn xnyxm ,observe that 0 nm . Treat nm, as the generators of the 

Pythagorean triangle   ,,T , where 
2222 ,,2 nmnmmn     

 

Then the following interesting relations are observed. 

(a) 5023    

(b)
P

A4
   

(C) a
P

a











4
3   nasty number.       

 

3. CONCLUSION 
In this paper, we have presented infinitely many integer solutions for the hyperbola represented by the negative 

pell equation 506 22  yx . As the binary quadratic Diophantine equations are rich in variety, one may search 

for the other choices of negative pell equations and determine their integer solutions along with suitable 

properties. 
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