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ABSTRACT
The binary quadratic equation represented by the negative pellian x* =6y? —50 is analyzed for its distinct

integer solutions. A few interesting relations among the solutions are also given. Further, employing the
solutions of the above hyperbola, we have obtained solutions of other choices of hyperbolas, parabolas and

special Pythagorean triangle.
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1. INTRODUCTION
Diophantine equation of the form y? =Dx? -1, where D>0and square free, is known as negative pell
equation. In general, the general form of negative pell equation is represented by
y?=Dx*-N,N>0,D>0and square free. It is known that negative pell equations

y>=3x*-1,y*=7x*—4have no integer solutions whereasy?=65x"-1, y*=202x*-1have integer

solutions. It is observed that the negative pell equation do not always have integer solutions. For negative pell
equations with integer solutions, one may refer [1-11].

In this communication, yet another negative pell equation given by y? = 7x? —14 is considered for its non-zero

distinct integer solutions. A few interesting relations among the solutions are also given. Further, employing the
solutions of the above hyperbola, we have obtained solutions of other choices of hyperbolas, parabolas and
special Pythagorean triangle.

2. METHOD OF ANALYSIS
The negative pell equation representing hyperbola under consideration is

x* =6y® —50 )
whose smallest positive integer solution is x, =2,y, =3

To obtain the other solutions of (1), consider the pell equation

X =6y° +1
whose solution is given by
V2 fn v gn
Xh=—"Yn =
2 2J/6

where f, = (5+2\/E)n+1 +(5—2\/§T+1
g,=(6+246) " ~5-2v6)"
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Appling Brahmagupta lemma between (x,,y,) and (X, y, ), the other solutions of (1) are given by
6x,, =6f +96g,
6y, =9f, +J§gn ,n=-1,0,1,2....

The recurrence relations satisfied by the solutions x and y are given by
Xii3 _10Xn+2 +Xpa = 0

Yiia _10yn+2 T Yoa = 0
Some numerical examples of x and y satisfying (1) are given in the Table: 1 below

Table: 1 Examples

n Xn+1 yn+1
-1 2 3

0 46 19

1 458 187

2 4534 1851
3 44882 18323
4 444286 181379

From the above table, we observe some interesting relations among the solutions which are presented below:
1. x,,valuesareevenand y,,, values are odd

2. Each of the following expressions is a nasty number:

1
° £(9X2n+3 =57 X4 + 300)
1
. ﬁ(9x2n+4 ~561x,,,, +3000)
° i(]'08y2n+2 _12X2n+2 + 300)
25
. i(losyzm3 — 276X,,,, +1500)
125
1
. E(108y2n+4 — 2748x,,,, +14700)

. %(57 Xones —561%y,,5 +300)

1
o 5p (684Yan0 —12%;,  +1500)

. 2—15(684y2n+3 — 276X,,,5 + 300)

1
. E(684 Yones — 2748%,, 5 +1500)

1
. E(6732 Yanez —12X5,, +14700)

1
. E(mszym — 276X,,,, +1500)

. %(6732 Yones — 2748%,,., +300)

b 2_]:5(138yZn+2 - 6y2n+3 + 300)
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1
° 5(687y2n+2 =3Yonia +1500)

° %(1374y2n+3 ~138Y,,,, +300)

3. Each of the following expressions is a cubical integer:

* L (3X3n+4 —19%5,,5 +9X,,, =57 Xn+1)
50
1
b % (3X3n+5 _187X3n+3 + 9Xn+3 - 561Xn+1)

1
. E(18y3n+3 = 2%g,,3 79404 — 6Xn+1)

1
® E(18y3n+4 - 46X3n+3 + 54yn+2 _138Xn+1)
1
® ﬁ(ls Yans — 458X3n+3 +94 Ynss _1374Xn+l)

i 5_]6(19X3n+5 —187Xg.4 +57X 3 — 561Xn+2)

1
125 (114 Yanez — 2X3n+4 +342 Yna — 6Xn+2)

. %(114 Yania — 46X50,4 +342Y,,, — 138Xn+2)

® L (114y3n+5 - 4'58)(3n+4 + 342yn+3 _1374Xn+2)
125
1
. 1225 (1122 Yaniz = 2Xan,s +3366Y,,; — 6Xn+3)

;5 (1122y,,,, — 46X,,.; + 3366Y,,, —138x,,5)

. %(1122 Yan,s — 458Xy,,5 + 3366y, , —1374X,,,)

1
® E(23y3n+3 ~ Yang t+ 69yn+1 - 3yn+2)

1
® ﬁ(zzganﬁ ~Yans T 687 Yna — 3yn+3)

* %(458 Yania — 46 Yanes T 1374 Yo = 138 yn+3)

4. Each of the following expressions is a biquadratic integer:

* 5_10(3)(4n+5 —19%,4 +12X,,5 = 76Xy, +300)

. i(3x4n+6 —187X,,,, +12X,,,, — 748X, ., +3000)

500
. %(18y4n+4 — 2Xypaa + 12Y 50,00 —8%opnyn + 150)
° %(18%“”5 —46X4n,4 +72Y 55,3 — 184X, + 750)
1
¢ 1225 (18 Yanse — 458Xy, +72Y50,4 —1832X5,,, + 7350)
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. 5—10(19x4n+6 —187X,,,5 + 76%,,,, — 748X,,,5 +300)
1

° E(114y4n+4 - 2X4n+5 + 456y2n+2 — 8X2n+3 + 750)

¢ %(114y4n+5 — 46X 5 +456Y,,,5 —184X,,., +150)

. %(114 Vars — 458X, .« + 456y, ., —1832x,. . +750)
1

¢ oo (1122y,,,, — 2%, + 4488Y,,,, — 8%, + 7350)

. %(1122 Vinss — 46Xy + 4488y, 5 —184%,,., +750)

. %(1122 Yanes — 458X, + 4488Y,, , —1832x,,., +150)

1
* E(23y4n+4 “Vanis 92Y20020 = 4Yon.s +150)

° %(ZZQVMM ~Yans T 916y2n+2 —4y2n+4 +1500)

* %(458y4n+5 —46Y,,,6 +1832Y,,,; —184y,,,, +3OO)

5. Each of the following expressions is a quintic integer:

1
. %(3x5n+6 —19%,,5 +15X5,. 4 —95%;,,5 +6X,,, —38X,.,;)
. %(&W ~187Xs,,5 +15Xg0,5 — 935Xy,,5 +30X,,5 —1870X,, )

° i(18 Ysnis = 2Xspys + 90305 —10X3,,5 +180Y,,; — 20Xn+1)

25

e 1 (18y,., —46%,.; +90Yy,, —230%,; +180y, ., - 460x,.,)

125

* %(183/5“” — 458X,,,5 + 90,5 — 2290, , +180y, , — 4580x,,,)

. %(19x5n+7 —187X5,,6 + 95X3n,5 — 935X5,,4 +190X,,,5 — 1870xn+2)

o %(114%,”5 — 2Xgny6 +570Y5.5 —10X,,., +1140y,., — 20X,.,)

. 2—15(1143'5n+6 — 4655 +570Yy,,, — 230Xy, +1140y,,, —460X,,,)

. %(114 Vorr — A58Xq .5 + 5705 — 2290%,,., +1140y, ., — 4580X, ., )

d %(1122 Yanis — 2Xsp,7 + 5610y, 5 — 10X, 5 +11220y, ,; — 20X, ;)

. %(11223/5% — 46X, +5610Y;,,, — 230Xy, +11220y,,, — 460X,,;)
1

. E(1122 Yones — 458Xq, .5 + 5610y, — 2290x,, ., +11220y, , — 4580X,,;)

1
b £(23y5n+5 T +115y3n+3 _5y3n+4 + 230yn+1 _loyn+2)
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250
1

50 (458 Ysnie — 46 Ysner T

6. Relations among the solutions:

10Xn+2 = Xn+3 + Xn+1

Xn+2 =12 yn+1 + 5Xn+1
Xns =120y, +49X
yn+2 = 5yn+1 + 2Xn+1
yn+3 = 49yn+1 + 20X
5Xn+2 =12yn+2 + Xn+1

°
°
® n+l

n+l

Xovz =24Y0 0 + Xon
SYni3 =490 + 2%,
49x,,, =12y, ., +5X, 4
49X,,3 =120y, .5 + X0
5X,.3 =12y, +49X%
SYni2 = Ynu + 2%,

Yoiza = Yo T 4Xn+2
Xn+3 :12yn+2 +5X

n+2

n+2

yn+3 = 5yn+2 + 2Xn+2
5Xn+3 :12 yn+3 + Xn+2

49Y,,, =S¥ + 22X
49Y,.5 = Ynu1 + 20X,
SYniz = Ynez 2%
10Y, = Yot + Yous

Remarkable observations

1
aCA (229y5n+5 ~ Yonir T 1145y3n+3 - 5y3n+5 + 2290yn+1 _1Oyn+3)

2290y, — 230ys,,; + 4580y, ,, — 460y, ;)

i. Employing linear combinations among the solutions of (1), one may generate integer solutions for
other choices of hyperbolas which are presented in the Table: 2 below

Table: 2 Hyperbolas

S.NO Hyperbola (Y, x)
1 | 3v2_2x2-30000 (3%, —19%,.,1,23%,.1 = X, )
2| 3v%_2x? =3000000 (3,5 —187%,.1,229%, s — X,.5)
3 | 2v2_3x2 45000 (54y,,., —6X,,,,18X,,, ~12,.,)
4 | sy2_x2—375000 (18y,,., —46X,.,,114x,,, —12y,,)
5 | 6v2_ X% =36015000 18y, —458X,., 1122x,,, —12y, 5
6 | 6v?—4x2=60000 (19%,.5 —187X,,,,229X,., — 23X,,;)
7 6Y?2 — X ? =375000 (114yn+1 = 2X,,, 18X, — 276yn+1)
8 | 6v2_x2=15000 (114y, ., —46x,., 114X, — 276Y,.,)
9 6Y 2 — X 2 =375000 (114yn+3 —458X,.,,1122X,,,, — 276yn+3)
10| 6Y2—X? =36015000 1122y, — 2%,.5,18X,,5 — 2748y,
11 6Y 2 — X 2 = 375000 1122y,,, —46X,,5,114X,,; — 2748y, ,
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(1122y, , —458x,,,1122x,,, — 2748y, ;)
23yn+1 ~ Yni2 lgyn+2 - 57yn+1

(229 Y1~ Yoas ’9yn+3 - 561yn+1)
(458yn+2 —46 Ynia 1114yn+3 —1122 Ynu )
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12| 6Y2 - X? =15000
13 | 6Y2—X?=15000
14| 6Y? - X? =1500000
15 | 6Y2-x?=60000

ii. Employing linear combinations among the solutions of (1), one may generate integer solutions for
other choices of parabolas which are presented in the Table: 3 below

Table: 3 Parabolas

S.NO Parabola (v, X)
1 75Y — X 2 =15000 (3X2n+3 -19x,,,, +100,23x,,,; — Xn+2)
2| 750y — X2 =1500000 (3%,0,4 —187%,,, +1000,229%,.; — X, .5)
3 150Y — X 2 =15000 (1SY2n+2 —2X%,,,, +50,18X,,, —12 yn+1)
4 750Y — X 2 = 375000 (18y2n+3 —46X,,,, +250,114X, , _12yn+2)
S 7350Y — X 2 = 36015000 (18Y,,,, —458%,,,, + 24501122, , —12,.5)
6 75Y — X % =15000 (19X2n+4 —187X,y,5 +100,229%,,,, — 23Xn+3)
7| 750y — X ? = 375000 (114y,,,, — 2X,y,5 + 250,18X,,,, — 276Y,,.,)
8 | 150y — X? —15000 (114y,,., — 46X,,,; +50,114X,,, - 276Y,,,)
9 | 750y — X2 =375000 (L14Y,,., —458%,,,; +250,1122X,., — 276Y,.5)
10 7350Y — X 2 = 36015000 1122y,,, = 2%yq.4 +2450,18X,, 5 — 2748y,
11 | 750y — X 2 = 375000 1122y,,,; — 46Xy, +250114X, 5 — 2748y, ,
12 | 150y — X2 =15000 (1122y,,., —458%,,., +50,1122X, 5 — 2748Y,, 5 )
13 | 150y — X? =15000 23Y2ni2 = Yoniz 75095 =57V
14| 1500 — X 2 =1500000 (229Y,., = Yon,4 +500,9Y,,,5 —561y,,.,)
15 | 300y — X2 = 60000 (458Y,,,, —46Y,,,, +100,114y, , —1122y, ,)

(i) Consider m=X,,; + ¥,,1,N = X,,, ,0bserve that m>n>0. Treat m,n as the generators of the

Pythagorean triangle T(e, 3, 7), where a =2mn, f=m? —n?,y =m? +n?

Then the following interesting relations are observed.
(@ a—34+2y=50
4A

O+ f-r="5

© ?{a —4—:j =a nasty number.

3. CONCLUSION
In this paper, we have presented infinitely many integer solutions for the hyperbola represented by the negative

pell equation x* = 6y® —50. As the binary quadratic Diophantine equations are rich in variety, one may search

for the other choices of negative pell equations and determine their integer solutions along with suitable
properties.
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